We prove a theorem on the ground state degeneracy in quantum spin systems on two-dimensional lattices: if a half-integer spin is located at a center of symmetry where the point group symmetry is D2,4,6, there must be a ground state degeneracy. The presence of such degeneracy in the thermodynamic limit indicates either a broken-symmetry state or a unconventional state of matter. Compared to the Lieb-Schultz-Mattis theorem, our criterion for ground state degeneracy is based on the spin at each center of symmetry, instead of the total spin per unit cell. Therefore, our result is even applicable to certain systems with an even number of half-integer spins per unit cell.
For quantum many-body systems with an odd number of spin-1 2 per unit cell, the Lieb-Schultz-Mattis (LSM) theorem and its generalization to higher dimensions [1] [2] [3] [4] [5] [6] guarantee a ground-state degeneracy protected by the translation symmetry and the spin-rotation symmetry. Such a ground-state degeneracy rules out the possibility of a featureless paramagnetic phase, and indicates either a broken-symmetry state or a unconventional state of matter, such as a quantum spin liquid [7] [8] [9] with topological order [10, 11] . Recently, LSM-type theorems have been developed for systems with both time-reversal symmetry and (magnetic) space-group symmetry [12] [13] [14] [15] [16] [17] .
In this work, we present a new theorem on ground state degeneracy in quantum spin systems, which solely relies on crystal symmetries, and specifically, the point groups. Our theorem states that quantum spin systems in two-dimensional (2D) lattices where a half-integer spin is located at a center of symmetry with the point group D n for n = 2, 4 or 6 [18] , must have a ground state degeneracy.
Several remarks are in order: 1. Here and throughout this paper, a half-integer (integer) spin on a given site refers to the spin degrees of freedom arising from an odd (even) number of electrons localized at the site. Importantly, our theorem does not rely on the presence of full spin-rotation symmetry, hence is applicable to systems with spin-orbit coupling. 2. In contrast with the original LSM theorem and its recent generalizations, our theorem does not involve any internal symmetry such as time-reversal. 3. Our theorem is applicable to a number of systems with an even number of half-integer spins in the unit cell.
For concreteness, we first derive this theorem for a rectangular lattice with wallpaper group p2mm, before presenting the generalization to other 2D lattices. Finally we discuss possible applications of our theorem to real materials and its possible generalizations. Some mathematical details of the proof of the theorem is provided in the Supplemental Material.
Rectangular lattice. Consider quantum spin systems on a rectangular lattice with the 2D wallpaper group G = p2mm. Any Hamiltonian satisfying the symmetry G, with or without spin-orbit coupling, must be invariant under the the action of any crystal symmetry operation R ∈ G on the lattice and on the spins jointly. This action is represented by a unitary transformation on many-body basis states:
where |s j denotes the spin state on site j, R maps site j to j = Rj, and U j (R) represents the action of R on the spin state on site j. For translationally invariant systems, the operators U j (R) on different sites connected by primitive lattice vectors are identical.
Let us now consider a subgroup of G that leaves the center of the unit cell (denoted by a) invariant (or the point group at a), denoted by G a . G a = D 2 = Z 2 × Z 2 is a group generated by the C 2 rotation and a mirror reflection. Since the Hamiltonian considered here is invariant under G a , every energy eigenstate must belong to a certain representation of G a .
Recall that a half-integer spin and an integer spin transform as projective and linear representations of the D 2 point group, respectively. As an example, consider a spin-1 2 located at site a. The two generators of D 2 , the C 2 rotation and mirror reflection R x , are represented by U (C 2 ) = iσ z and U (R x ) = iσ x acting on the 2D Hilbert space of a spin- 
, which differs from the multiplication rule for group elements in D 2 : C 2 R x = R x C 2 . This "twisted" relation implies that the 2D Hilbert space of spin- It is important to note that states in the Hilbert space must either all form linear representations or all form projective representations of the same class, because excitations that connect the ground state to excited states all carry linear representations of the symmetry group. Now consider a quantum spin system on a rectangular lattice with open boundary condition, which maps onto itself under the point group G a . Such a lattice is translational invariant apart from the boundary. We ask whether the many-body Hilbert space H of the systemthe direct product of the spin Hilbert space at every site-forms a linear or projective representation of G a . These two cases are denoted by a Z 2 index ν a = +1 or −1 respectively. To answer this question, we first note that sites can be grouped into "orbits": each orbit consists of those sites that map onto each other under the symmetry operations of G a . For example, any site not on either of the two mirror axes passing through a belongs to an orbit of four sites, with one in each quadrant. Any site on a mirror axis, other than a, belongs to an orbit of two sites that are related by two-fold rotation.
With open boundary condition, a is the only fixed point under G a , hence forms an orbit of its own, {a}. Since all orbits except {a} contain an even number of sites, the many-body Hilbert space of all spins other than the one at a, forms a linear representation of G a . Therefore, we conclude that the Hilbert space of the entire spin system forms a projective (linear) representation of G a = D 2 , if and only if the spin at the center a is half-integer (integer), respectively. This result can be expressed by
where S a , the spin at a, is either a half-integer or integer. When H forms a projective representation, any Hamiltonian invariant under the point group G a must have degenerate ground states, simply because projective representations necessarily have dimensions greater than 1. This mathematical fact can be intuitively understood from the non-commutativeness of the algebra
, which can only be realized by matrices of sizes greater than 1 [19] . The ground state degeneracy here is thus protected by the point group G a = D 2 , which is a subgroup of the wallpaper group G = p2mm.
The above result (2) can be applied to to lattices of increasing sizes, which are invariant under G a . If the spin at site a is half-integer, the point group symmetry G a guarantees that the ground state degeneracy persists in the thermodynamic limit, with open boundary condition.
We now discuss the implications of this thermodynamic degeneracy for the ground state of the system. First, if the system has a unique ground state on a torus, the degeneracy shown above must come from boundary degrees of freedom, implying that the ground state of the system is an SPT state protected by the point group G a . Interestingly, if realized, such an SPT state of halfinteger spins cannot belong to the known classification which assumes physical degrees of freedom form linear representation of G a .
The opposite possibility is that the system also has thermodynamically degenerate ground states on the boundary-less torus. This bulk degeneracy may imply that the ground state is symmetry breaking or topologically ordered. If the system is topologically ordered, the degeneracy shown above for open boundary condition can be the result of fractional point-group symmetry quantum numbers [20] of anyons, implying a symmetryenriched topological state.
We have thus ruled out completely featureless ground states for quantum spin systems with half-integer spins on symmetry centers, while leaving alive the possibility of SPT states, symmetry-breaking, and symmetry-enriched topological order. We now further rule out the possibility of an SPT state for systems which have an odd number of half-integer spins on symmetry centers in each unit cell. This is achieved by putting the system on a torus with an odd number of unit cells [15] (as shown in Sec.II of the SM, such a torus can always be constructed compatible with the wallpaper groups). In this setup, the whole system has in total an odd number of half-integer spins on symmetry centers, which together form a projective representation of the D 2 symmetry group. Therefore, the ground state degeneracy remains on the torus. In this case, our result is still in some aspects stronger than the LSM Theorem and its previous generalizations, because it requires only the crystal symmetry, and does not need time-reversal and spin-rotation symmetries.
This argument can be readily generalized to other centers of symmetry. Each center of symmetry a in the 2D lattice has an associated point group G a , which always has the structure of D 2 for the wallpaper group p2mm. Therefore, for each a, the Z 2 quantum number ν a computed from Eq. (2) determines whether the entire system transforms projectively under G a . Furthermore, if two centers of symmetry a and b are related by crystal symmetries, they must host the same quantum number ν a = ν b . Therefore, in p2mm, there are only four independent quantum numbers, as there are four inequivalent centers of symmetry. Any one of them being −1 implies that the ground state must have a degeneracy protected by the wallpaper-group symmetry.
Other wallpaper groups. We now generalize our result to other 2D wallpaper groups. Similar to the example of p2mm, we consider a center of symmetry a and the associated point group G a . Using the same argument as in the previous example, one can show that the system has a G a -protected ground state degeneracy, if the degrees of freedom at site a transforms projectively under G a . There are eight different types of point groups in 2D: the cyclic groups C n and the dihedral groups D n , where n = 2, 3, 4, 6. Among the eight possible point groups, only three dihedral groups, D
Among the 17 2D wallpaper groups, five of them has centers of symmetry for which a quantum number ν a can be defined. We summarize the position of such centers of symmetry and the number of independent ν a quantum numbers in Table I . We notice that our no-go theorem does not apply to spin-1 2 models on the honeycomb lattice, because the lattice sites are centers of D 3 pointgroup symmetry. Such a center of symmetry cannot be used in our no-go theorem, because D 3 does not have nontrivial projective representations. This is consistent with the recent construction of a unique symmetric ground state of a honeycomb lattice with spin-1 2 at each lattice site [21] .
Similar to the original LSM theorem [22] , this symmetry-protected ground-state degeneracy can be understood as the surface ground-state degeneracy of a 3D symmetry-protected topological (SPT) state [23, 24] . The half-integer-spin degree of freedom that transforms projectively under the point-group symmetry D 2,4,6 can be realized as the edge state of a one-dimensional (1D) Haldane spin chain [25, 26] , which is a 1D SPT state protected by the point-group symmetry symmetry made of objects that transform linearly [27] [28] [29] . Therefore, the 2D lattice, containing half-integer spins on the centers of symmetry, can be realized as the surface of a 3D system made of a 2D lattice of 1D Haldane chains, which is a 3D SPT state protected by the wallpaper-group symmetry [30, 31] . The surface of such an SPT state must have a symmetry-protected ground-state degeneracy, which is the degeneracy we derived above.
Outlooks. Comparing to the LSM Theorem and its recent generalizations, our theorem does not rely on the translation symmetries, and applies to systems with an even number of spin- consider a spin-1 2 model on a checkerboard lattice. Comparing to a square lattice, a checkerboard lattice symmetry allows different spin-spin interactions on the two types of plaquettes, as shown in Fig. 2 . Examples of such models include the checkerboard J 1 -J 2 Heisenberg model [32] [33] [34] , which is the effective spin model for the so-called planar-pyrochlore quasi-2D materials [35] [36] [37] [38] . The checkerboard lattices has the square-lattice p4mm symmetry, with a unit cell containing two lattice sites (see Fig. 2 ). Therefore the LSM theorem does not apply. In contrast, our no-go theorem still applies, because the spin- Table I ). Consequently, our no-go theorem guarantees a symmetry-protected ground-state degeneracy, indicating that the planar-pyrochlore systems are a promising place to look for topological quantum spin liquids. When no-go theorems guarantees a ground-state degeneracy, one possibility is that the ground state is a gapped quantum spin liquid state with an intrinsic topological order, which protects a topological ground-state degeneracy, although all local excitations are gapped. In this case, the no-go theorems often put additional constraints on the possible symmetry-fractionalization patterns realized in such spin liquids. Our no-go theorem can also be extended to provide such constraints: for example, having a projective representation of the D 2 group at the center of symmetry will determine whether an anyon also carries a projective representation of the D 2 group [39, 40] . We leave an extensive study of this extension to a future work. It will be interesting to generalize our result to 3D spin systems, which we also leave to a future work.
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Note added. After completing our manucript we were informed of a related work [41] . In quantum mechanics, states in the Hilbert space H form representations of the symmetry group G, on which a group element g act as a linear transformation φ(g) ∈ GL(H).
Naively, the map φ : G → GL(H) should be a group homomorphism that preserves the group algebra,
where the equal sign means that the two linear transformations, φ(g)φ(h) and φ(gh), are identical. In this work, we assume that G is a unitary symmetry group.
However, the condition in Eq. (1) is too restrictive for a quantum system, because two states |a and |a = e iθ |a that differ by a U(1) phase are recongnized as two identical states physically, and therefore the Hilbert space H should be viewed as a projective space instead of a linear space. Correspondingly, the constraint in Eq. (1) can be relaxed to being satisfied projectively,
where ω(g, h) is a U(1) phase factor. A representation φ that satisfies the relaxed constraint The cocycle equation is a consequence of the associativity of matrix multiplications:
. Using Eq. (2) to simplify both sides of this equation, we derive the following constraint,
A two-cocycle ω satisfying Eq. (3) is called a cocycle, and Eq. (3) is called the cocycle equation.
The coboundary equivalence is the result of sorting projectively equivalent representations into the same equivalence class. Two projective representations φ 1 and φ 2 are projectively equivalent if they differ only by a U(1) phase factor,
As a result, we view the two-cocycles ω 1,2 , deduced from the representations φ 1 and φ 2 , respectively, as equivalent cocycles,
This is called a coboundary equivalence, as the additional two-cocycle that appeared on the right-hand-side,
, is called the coboundary of the one-cocycle θ. 
II. TORUS GEOMETRIES WITH POINT-GROUP SYMMETRIES
In this section, we demonstrate that the argument of ground-state degeneracy can be extended to a torus, if in each unit cell, an odd number of centers of symmetry with a D 2,4,6 point group is occupied by a half-integer spin. Since a torus does not have a boundary, for such systems, the possibility that the ground-state degeneracy comes from the gapless edge states of an SPT state is eliminated.
We first notice that there are tori with arbitrary sizes that preserves the D 2,4,6 point groups. In fact, since a torus can be realized as a rectangle, with opposite sides glued together by periodic boundary conditions, a torus always preserve a D 2 point-group symmetry [see . Therefore, for all three cases, whether the whole Hilbert space on the torus transforms linearly or projectively is determined by the total spins on all centers of symmetry labeled in Fig. 1 . Therefore, the argument presented in the main text cannot always be generalized to a torus without a boundary.
However, such a generalization is possible, if in each unit cell, an odd number of such centers of symmetry is occupied by half-integer spins. To show this, we consider a torus containing an odd number of unit cells in each direction, and therefore contains an odd number of unit cells in total. Hence, on the whole lattice, there are in total an odd number of centers of D 2,4,6 symmetry that are occupied by half-integer spins. As a result, there must be at least one center of symmetry that satisfies the following condition: on the torus, an odd number of fixed points of the associated point group (shown in Fig. 1 ) is occupied with half-integer spins. Our argument then concludes that the whole Hilbert space on the torus transforms projectively under this point group, and therefore must have symmetry-protected ground-state degeneracy.
